Math 220 - Calculus f. Business and Management - Worksheet 12

Solutions for Worksheet 12 - Limits as x approaches infinity
Simple Limits
Exercise 1: Compute the following limits:

1a: lim 322 —2z+4 1b: lim 2® — 223 +8 1c: lim 2% —22%+8

T—r 00 Tr—00 r——00

Solution to #1:

For 1a: lim 32 — 2z +4 = lim z(3z — 2) + 4 = oo, since both x and (3z — 2) go to infinity.

For 1b: lim 2° — 22 +8 = lim 2®(2® — 2) +8 = oo, since both 3 and (x* — 2) go to infinity as = goes to
infinity.
Forlc: lim 2° —22° +8= lim 2%(2® —2)+ 8 = —o0, since x> goes to —oc and (x> — 2) goes to <.

T——00 T——00

Exercise 2: Compute the following limits:

2a: lm Ve =27 =1 2b: lim Ve 274 2c: lim i

Solution to #2:

For2a: lim /3 — 222 — 4 = lim \/22(z — 2) — 4 = oo, since both 2% and (x — 2) go to infinity.

T—00 Tr—r00

For 2b: Em Vad—2x2 -4 = Em x2(x — 2) — 4 which DOES NOT EXIST, since here x* goes to infinity,
Tr—>—00 T—r—00
and (x — 2) goes to —oo. You cannot take the square root of a negative number, so the limit doesn’t exist.

. 2_
For2c: lim % —3z+4

Jm = 00, since the exponent is going to infinity.

Exercise 3: Compute the following limits:

3a: lim &7 3b: lim In(2z+5) 3c: lim In(1/z)
xT—00 T—>00 T—>00
Solution to #3:

For 3a: lim e’

T—00

¥ =0, since the exponent is going to —oo.

For 3b: li_)rn In(2z 4+ 5) = co.

. 1 : 1 :
For 3c: ml;rrgo IH(E) = wlgrolo In(z™") = 931520 —In(z) = —oc.

Rational Functions

Exercise 4: Compute the following limits:

3?42 -1 . 22° 4522 —6 . 225 4+ 522 — 6
S v L AL = S ol



Solution to #4:

For each problem, we divide everything by the highest power of x in the denominator.

For 4a:
g 3201 Z+ -5 3
im = lim ==
T—r00 4:1’,‘2 + 2 T—r00 4;”22 + ;22 4
For 4b: )
iy 220+ 5 6_hm%+°xg—x%:hm 2x3+57%_00
T—300 422 + 2 z—00 4;22 4 %2 T—00 4+ ?22
For 4c: )
225 + 5x? — 6 - 203 +5 — 5
lim 5 = lim yre 5 = lim 5 = —00
T——00 4x? + 2 T——00 ;2 + = T——00 4 + =
Exercise 5: Compute the following limits:
. % 4+ 12 . 222 + 52+ 7 . 222 + 5z + 7
5a : IEIPOO v 5b: xh_)nolo — s 1 5c: mggloo — s
Solution to #5:
For each problem, we divide everything by the highest power of x in the denominator.
For ba: )
im 7x2+127 lim 7§7+% *9*0
xﬂfoo3$4—7_zﬁfoo%_zl4_3_
For 5b:
222 4 5z + 7 Z+%+ 5 0
lim 3 = lim < il = —-=0
T—00 s —1 T— 00 L — = 1
For 5c: )
| 202 + 55 +7 i Z+%+ 5 0 0
T——00 3 —1 _w—ir—noo zd 1 o I o
3 73
Other Fractions
Exercise 6: Compute the following limits.
_ 3 -5 _ 3z
6a: lim 5 6b: lim 6c: lim ———
T——00 IH(I ) z——oc0 €% T—=—00 /g2 4+ 22 — 5

Solution to #6:

v, u

In the following — is a short for “approaches” or “gets close to”: “x — —oo” means x approaches —oo, "z — 7"
means x approaches  (from both sides), “x — 3—" means x approaches 3 from the left, “x — 3+" means x approaches
3 from the right, etc. As usual, “left side ~~ right side” means that what’s on the left lets you conclude what’s on the
right. Example: “3z +6 =15~ 32 =9 ~» 2 = 3"



Solution to 6a:

3
2 : —
T — —00 ~ T — 400 ~ (22 -0 ~ Igmioo n(z2) =0

Solution to 6b:

T ——00 ~ ¥ =0+ ~» — = —00 ~ lim = —00.
er r——00 eT
Solution to 6¢:
3x 3z 3z
T — —00 ~ = = — (absolute value!) = —3
Varz+2x -5 Va? ||
. 3x
~ lim ————= 3.
2520 Vi 1 22 =5
Exercise 7: Compute the following limits.
322 Vib e
7a: lim ——— 7b: lm —— 7c: lim ——
=00 \/5 + 4z — 5 z——00 /g2 —4x +5 w=—00 /g3
Solution to 7a:
322 32 3
T — 00 ~ =~ :3x275/2:74)0’
Vadb+4x -5 Vad N3
. 322 .3
hence lim ———— = lim — = 0.
T—=00 /x5 +4x — 5 m~>oo\/§
Solution to 7b - makes use again of vVx? = |z|:
N V26 ‘x|3 ) )
T — —00 ~ R~ = — = |z|* = 2° > o0
Va?—4dx+5 Va2 ||
/76
hence lim ———— = lim 2% = oco.
T——00 /12 —4x+5 T——00
Solution to 7c:
3/ 7

& 00 v 2% 5 —00 ~ 2% <0 ~ Va? D.IN.E; hence lim —xBD.N.E..
Tr— — 00 €T

Horizontal Asymptotes
Exercise 8 Find the horizontal asymptotes for each function on the worksheet.

We shall limit ourselves to the functions in the section “Other Fractions”. We remember the following generalities about
horizontal asymptotes: A function f(z) has a horizontal asymptote on the left if lim,_, ., f(x) exists as a (finite) real
number x; and f(x) has a horizontal asymptote on the right if lim,_, 1 o f(x) exists as a (finite) real number x, (oo
are not permitted for either x; or x,.). We have two different horizontal asymptotes if both limits exist and are the same
(finite) real number. We have a single horizontal asymptote if only one of the limits is a (finite) real number or if v; = x,.



3
Horizontal asymptotes for #4a: f(x)

- In(z?)
3
We have seen above that lim,_, @2 = 0, hence the line y = 0 is a horizontal asymptote on the left.
n(x
(—2) =a® ~ f(—2) = f(&) ~ lm f(2) = lim_f(a).

T—0o0 r——00

It follows that the line y = 0 also is a horizontal asymptote on the right, i.e., this is the only horizontal asymptote for
f(z).

Horizontal asymptotes for #4b: f(x) = ;r
We have seen above that f(x) blows up to —oo as x — —oo and there is no horizontal asymptote on the left. What
about & — oo? Then

-5 )
e’ - 00 ~» — =0~ lim —=0.
er rz—oo eT
It follows that the line y = 0 is a horizontal asymptote on the right.
Horizontal totes for #dc: f(z) S
orizontal asymptotes for #dc: f(x) = ————=x
e Va?+2x -5
3
We have seen above that lim,,_, _ ﬁ = —3, hence the line y = —3 is a horizontal asymptote on the left.
v x —
Right hand side:
3 3 3
T —> 00 ~ : ~ 2 i;(absolmfe value!) = +3
Vaz+2x -5 Va2 ||
. 3x
o lim —==3,

z—00 /32 4+ 21 — 5

hence the line y = 3 is a horizontal asymptote on the right. In particular, f(x) has two different horizontal asymptotes.

32
vVa® +4x —5

= 0, hence the line y = 0 is a horizontal asymptote on the right.

Horizontal asymptotes for #5a: f(z) =
322

Vb +4x -5

We have seen above that lim,_, o
Left hand side:

T — —00 ~ 2’ +4x—5 ~ 2° = —00 » 2’ +4x —5 <0 ~» Vx5 +4x — 5 D.N.E;
hence the domain of f(x) does not extend all the way to the left and there is no horizontal asymptote on the left side.

Vb

\ﬁ\/x2 — 4z +5
26

We have seen above that lim,_, . —————= = 00, hence f(x) blows up and there is no horizontal asymptote on

Va2 —4x+5
the left.
Right hand side:

Horizontal asymptotes for #5b: f(x) =

Vb v/ 6 |.’L"3 | |2 9
= |z —

T —r 00 ~ ~ = —— = = xr° = 0
Va2 —4x+5 Va2 |z] '
N
hence lim ————— = lim 2% = oo,

z—00 /2 —4x + 5 T—00



same situation as on the left: f(x) blows up and there is no horizontal asymptote on the right either. There are no

horizontal asymptotes for f(x).
3 $7
Horizontal asymptotes for #5c: f(x) = —
ymptotes fi f(x) W

3

27
We have seen above that lim,_, _ ﬁ D.N.E. and there is no horizontal asymptote on the left.
xr
Right hand side:
3/ 7 7/3
z z 14/6-9/6 5/6
T—=00 W — = —5 =& = z°/° = o0
Va3 1;3/2 ’
hence lim —— = oo.

T—00 x3

This is not a finite limit and there is no horizontal asymptote either.

5/6 = oo: You remember that for a base a > 1 the exponential function

In case you were wondering why lim,_, =
‘" 4 . ‘" 4
a” with “x

G(x) = a” increases with x. This means that \/a = a'/? < a®/° for all a > 1. Change of names: replace
and you get \/x < x°/ for all x > 1 which certainly is the case if x — oo. But you know that \/z — oo as x — oc.

This means that the bigger values x°/% also go to infinity.



